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The minimum fr,r+, of positive values of non-homogeneous indefinite quadratic 
forms of type (r, r + l), r > 2, is determined. For r = 2, an isolation theorem is 
proved which is used in the result for r > 3. Some asymmetric inequalities for forms 
of type (2, 2) needed for these results are also obtained. 
1. INTRODUCTION 
In our paper “Positive values of non-homogeneous indefinite quadratic 
forms” 121, we evaluated r,., for signatures I - s = 1, 2, or 3. We shall refer 
to this paper as QFI and use the notation of that paper. Also, we refer the 
reader to this paper for the history of the problem and various known results 
about r, S. However, the present paper can be read independently. 
Here our principal task is the evaluation of rr,r+l, for r> 2. We first 
prove’ that r2,3 = (i)“. In fact, w e show that this minimum is isolated and 
that the second minimum for forms of type (2, 3) is 16. Then we use this 
result to prove that Tr.r+, = 2*’ for all r > 3. This is perhaps the first time 
that a second minimum of positive values of nonhomogeneous indefinite 
quadratic forms has been obtained. (Unfortunately, the paper of R. Rieger 
(asterreich Akad. Wiss. Math. Natur. Kl. Abt. II, 185 (1976), 133-151) 
contains a mistake. The author has written to one of us that he is trying to 
correct the proof.) We now state our results more precisely. 
I It is interesting to note that unlike other known cases of r,,,. fI.z involves primes other 
than 2 and 3 also. 
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THEOREM 1. Let Q(x,,..., x,) be a real quadratic form of type (2,3) and 
determinant D # 0. Then given real numbers c, ,..., c5 there exist (x, ,..., x5) = 
CC , ,***, c,) (mod l), such rhat 
0 < Q(x, ,..., x5> < (16 IDI)“‘, (1.1) 
except when Q - p(2x, x2 + 2x, xq - x, ‘) = pQ, , where p > 0. 
For Q = Q,, the inequality (1.1) is satisfied unless (c,, c?, cj, cJ, c5) = 
(0, 0, 0, 0, f ) (mod 11, in which case there exist (x,, x1, x,, x,, x,) = 
(0, 0, 0, 0, f) (mod 1) satisfying 
0 < Q,b , ,..., x5) < $ j D ) “5, 
the equality sign being necessary. 
(1.2) 
Further, equality in (1.1) is necessary I# Q - pQz or pQ3, where p > 0 and 
Q,=x,x,+x,x,-xx:. Q,=2x:+x-xi-xi-x:. For Qz, equality is 
necessary in (1.1) l#f (c, , cl, cj, c,, c5) = (0. 0, 0, 0,O) (mod 1). For Q3, it is 
necessary iff (c,,c,,c,,c,,c,)~(~,~,~,~,~) (mod 1). 
THEOREM 2. Let Q = Q(x , ,..., x,), n > 7, be an indejmite quadratic form 
of signature - 1 and determinant D # 0. Then given real numbers c, ,..., c, , 
there exist (x, ,..., x,) = (c, ,..., c,,) (mod l), such that 
0 < Q(x, ,..., x,) < (2”- ’ JDl)“? (1.3) 
Equality is necessary in (1.3) if Q is equivalent to a positive multiple of 
forms Q’, Q” and (c, ,..., c,) is equivalent to the points P’, P”, respective@, 
where 
Q’ = x,x1 + ... + x,_~.Y,~, - xi, P’ = (O,..., 0); 
and 
Q" = 74 1-x; + . . . + x; - xf, , - ... - Xf,, , , P” = (;,..., 4,. 
wheren=2r+ 1. 
Remark 1. Our proof will show that strict inequality holds in (1.3) for 
nonzero forms. 
In the proof of Theorem 1 we will need the following asymmetric 
inequality for nonzero quaternary quadratic forms of type (2, 2), which is 
proved in Section 3. 
THEOREM 3. Let 4(x,, x2, xj, x4) be a nonzero quaternary quadratic 
form of type (2, 2) and determinant D # 0. Let p, > /I, > 0 be real numbers 
such that 
A/P, < t and p, -p, > (1024 lDl/81)“‘. (1.4) 
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Then given any real numbers c, ,..., cd there exist (x, ,..., xJ = (c, . . . . . c,) 
(mod 1) satis-ving 
PI <4(x,,x**x3rx4) <P*. (1.5) 
In Section 2, we explain a reduction procedure. In Section 3, we prove 
Theorem 3. In the next section, we use this theorem to prove Theorem 1 for 
nonzero forms. For incommensurable zero forms, Theorem 1 follows from 
Oppenheim [ 141 and Watson [ 161. To deal with rational forms (which are 
necessarily zero forms by Meyer’s theorem) we use a weaker version of 
Theorem 3 and some other asymmetric inequalities on quaternary forms due 
to Jackson and the authors. As in QFI we also use a method of Macbeath 
[ 121. in Section 6, we prove Theorem 2. 
2. REDUCTION 
Let Q(x , ,..., xn) be an indefinite quadratic form in n (>3) variables of type 
(r, n - r) and determinant D # 0. Let a,, a> (a, < (r2) be real numbers. We 
say that the inequality 
aI < Q(x, ,..., x,J < a? (2.1) 
is soluble if, for all real numbers c, ,..., c,, there exist (xr ,..., xn) = (c, ,..., cn) 
(mod 1). such that (2.1) is satisfied. 
Suppose that C > 0 is a given real number, and we are interested in 
proving that (2.1) is soluble for quadratic forms of type (r, n - r) provided 
that 
a2 -a, >, (C IDl)“n. (2.2) 
Then we apply the following reduction procedure: 
Suppose that k ( > 0) is a. real number such that there exist integers 
(1) , ,..., v,) such that 
0 < Q(u, ,..., u,,> < (k IDI)““. (2.3) 
Let m = Inf Q(u, ,..., u,), where inftmum is taken over integers ui such that 
Q(u ,,..., u,)>O.Thenm<(kJD]) . I” If m = 0, then as in Watson [ 161, one 
can easily prove the solubility of (2.1). In other cases we have m > 0, so that 
0 < m < (k IDI)““. Let 0 < E,, < &. Then there exist integers U, ,..“, u,, with 
g.c.d. (ui ,..., un) = 1, satisfying 
Q(u * ,***, %> = & < (k PI)"", (2.41 
where 0 < E < sO. 
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On replacing Q by an equivalent form, we can suppose that 
Q(x 1 r..., X") = & {(x, t h,x, t ... t h,x,)* + Q’(xz, . . . . x,)}, 
where Q’ is a quadratic form in n - 1 variables, of type (r - 1, n - r) and 
determinant d = D/(m/(l - E))“. The relation (2.4) implies that 
/A/ 2 Ilk. (2.5) 
By the definition of m, for any integers U, ,..., u,, either Q(u, ,..., u,) < 0 or 
Q(u , ,..., 2.4,) > m. 
By homogeneity it follows that (2.1) is soluble under the condition (2.2) if 
Theorem A holds. 
THEOREM A. Let 
Q(x , ,... , x,) = (x, t h,x, t ... t h,x,)’ t Q/(x2 ,..., x,), (2.6) 
where Q’(x,,..., x,,) is a quadratic form in n - 1 variables of type 
(Y - 1, n - r) and determinant D, with 
IDI > I/k. (2.7) 
Let 0 < E < k. Suppose that for integers u, ,..., u,, we have either 
Q(u , ,..., u,) < 0 or Q(u, ,..., u,) > 1 - E. (2.8) 
Then the inequalitjl 
“1 < Q(-Y , ,***, .yn) < a? (2.9) 
is soluble, provided 
a2 - a, > (C IDl)““. (2.10) 
Remark 2. If we want (2.1) to hold with strict inequality, it is enough to 
prove the solubility of (2.9) with strict inequality. 
Remark 3. If we want to prove that the inequality (2.1) is soluble for 
nonzero quadratic forms, then it is enough to prove Theorem A for nonzero 
forms only. 
Remark4. If Q(x , ,..., xn) is a nonzero quadratic form satisfying (2.6) 
and (2.8) then Q’(x,,...- I u,) is also a nonzero form. This is so, because, if 
there are integers u2 ,..., II,, not all zero, such that Q’(u~...., u,) = 0, then we 
can choose an integer u, , such that /u, + h, uz f +. . f h,, u, / < $. Then 
0 < Q(ul ,.... u,) < f < 1 -E, which contradicts (2.8), since Q is a nonzero 
form. 
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3. NON-ZERO QUATERNARY FORMS OF TYPE (2,2): 
PROOF OF THEOREM 3 
Let $(x1,x,, x3, XJ be a nonzero quaternary quadratic form of signature 
zero and determinant D (#O). The following result is due to Barnes (31. 
LEMMA 1. There exist integers u,, u2, u3, u, such that 
0 < $(u,, u2, u3, u,> < (%lDl>"". (3.1) 
We apply the reduction procedure described in Section 2 to $. Taking 
k = 64/81 and C = 1024/81 in Theorem A and Remark 2, it is clear that 
Theorem 3 will follow from 
THEOREM 3’. Let 
4(x1,x2,x3,x4)=(x, + h,x, + h,x, + h,x.d2 + Q’(xz,x3,x4), 
where Q/(x,, x3, x,) is a ternary quadratic form of type (1,2) and deter- 
minant D with 
IDI>%-. (3.2) 
Let p2 > /3, > 0 be real numbers such that 
PI/P, < 4 and p2 -PI > (1024 ]D]/81)“? (3.3) 
Then the inequality 
is soluble. 
P, <@(xl~%rx3~x4)<Pz (3.4) 
In the proof of Theorem 3’, we shall use 
LEMMA 2. Let #‘(x2, x3, x4) be an indefinite ternary quadrtic form of 
determinant D. Then the inequality 
-Y1 < $‘Cxz, x3, x4) < Y2 (3.5) 
is soluble, provided that 
Yl >oo, Y2 > 03 and Y, + ~2 > 2 lDlli3. (3.6) 
This result follows easily from the theorem of Dumir [8]. The following 
lemma can be deduced easily from Lemma 6 of Dumir [7]. 
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LEMMA 3. Let a, /I, and y be real numbers with y > 1. Let m be an 
integer such that m < y < m $ 1. Then given any real number x0 there exists 
x=x,, (mod 1) such that 
0 < (x + a)* + P < 11, 
provided that 
-m*/4 <p< ;I-$. 
Proof of Theorem 3’. The inequality (3.4) can be rewritten as 
0 < (x, + h,x, + h,x, + h,x,)’ + #‘(x,3 x3, x4) -P, < P2 -PI. (3.7) 
Let y = pz -/I,. By (3.2) and (3.3). 1’ > 2. Let m be the integer satisfying 
m < y < m + 1. Then m > 2. It follows from Lemma 3 (taking a = h,x, + 
h,x, + h,x,, and /I = #‘(x2, xj, x4) - /3,) that (3.7) will be soluble if there 
exist (x2, x1, xJ = (c2, c3, CJ (mod 1) such that 
-m*/4 <@‘(x2,x3,x4)-P, <Y--:, 
that is, 
Let 
(3.8) 
YI -q-P, and y*=p*-1. 4 
We now verify that the conditions of Lemma 2 are satislied: 
(i) vz=p2-$~(pz-P,)-d=y-d>3>0. 
(ii) Since /?,//I? ,< d and pz -p, < m + 1, we have /Jr < (m + 1)/3. 
Therefore, 
y, = m2/4 -/I, > m2/4 - (m + 1)/3 = (m - 2)(3m + 2)/12 > 0, 
because m > 2. 
(iii) 11, + yz =& -/I, + (m’ - 1)/4 = y + (mz - 1)/4. 
By (3.3), JDI < 81y’/1024. Thus y, + y2 > 2 (D/“3 will follow if 
y + (m2 - 1)/4 > (81y4/128)“‘, that is, if 
(y + (m’ - 1)/4) yp4’” > (81/128)“‘. (3.9) 
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The left-hand side of (3.9) is a decreasing function of y and y < m + 1. 
Therefore, (3.9) will be satisfied if 
(m + 1 + (m’ - 1)/4)(m + 1)-4’3 = i(m + 3)(m + 1)-“3 > (81/128)“3. 
Since m > 2, f(m + 3)(m + 1)-“3 > j . 3-‘13 > (81/128)‘13. 
Thus, all the conditions of Lemma 2 are satisfied. Hence, (3.8) is soluble, 
so that (3.4) is also soluble. This completes the proof of Theorem 3’ and, 
hence, of Theorem 3. 
4. NON-ZERO FORMS OF TYPE (2,3) 
In order to apply the reduction procedure described in Section 2, we define 
w,,,-, as follows: 
Let Q(x, ,..., x,,) be a nonzero quadratic form of type (r, n - r) of deter- 
minant D. Let P(Q) = Inf Q(u, ,..., u,,), where the infimum is taken over 
integers ui such that ecu,,..., un) > 0. 
Let w,,,-, = SUP QQ>/lDl”“, where the supremum is taken over all 
nonzero quadratic forms Q of type (r, n - r). 
In this notation, the inequality (5.3) of Jackson [9, p. 6561 gives 
d-2 G (3” w;., < (4)” < +3 
since I+v~,, < 1, by a result of Jackson [ 111. Thus we have 
LEMMA 5. Let Q(x, ,..., x5) be a nonzero quadratic form of type (2,3) 
and determinant D. Then there exist integers u, ,..., u, such that 
0 < -Q(u, ,..., u,) < (; 1 D I)“‘. (4.1) 
Now we apply the reduction procedure described in Section 2 to 
-Q(x, ,..., x5). Then it is clear that Theorem 1 will follow for nonzero forms 
(see Remark 4) if we can prove 
THEOREM 1'. Let 
Q(x, ,..., x5) = -(x, + h,x, + .a. + hsx,)2 + Q’(xz,..., x.c>- (4.2) 
where Q/(x2 ,..., x5) is a nonzero quaternary quadratic form of type (2,2) and 
determinant D with 
IDI>2. (4.3) 
Then 
0 < Q(x, ,..., x5) < (16 1D1)“5 (4.4) 
is soluble. 
641 dR/i 6 
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To prove Theorem 1’) we use the following result of Dumir 161: 
LEMMA 6. Let a, /3. and y be real numbers with y > 1. Let m be an 
integer such that m < y < m + 1. Then, for any real number x, , there exists 
x = x,, (mod 1) satisfying 
O<-(x+a)‘+p<y, 
provided that 
4 C/3< yfm2/4. 
Proof of Theorem 1’. Let y = (16 (D I)“‘. Then y > 2, by (4.3). Let m be 
the integer defined by m < y < m + 1. Then m 2 2. The solubility of (4.4) 
will follow from Lemma 6, if we can prove that 
$ < Q’(x,,..., x5) < y + m2/4 (4.5) 
is soluble. 
Let /3, = d and /I2 = y + m2/4. Then pi//?* = l/(m’ + 4~) < $. The 
solubility of (4.5) will follow from Theorem 3 if 
/I, -/3, > (1024 (O//81)“4, (4.6) 
that is, if 
m2- 1 
-+y> 
4 
that is, if 
g(v)= (!cfL+ y) y-5/4 > (;)‘-‘. (4.7) 
Clearly, g(y) is a decreasing function of y and y < m + 1. Also m > 2. 
Therefore, 
Hence, (4.6) holds. This completes the proof of Theorem 1’ and, hence, of 
Theorem 1 for nonzero forms. 
As remarked in the Introduction, Theorem 1 is true for incommensurable 
zero forms. Therefore, we need to consider rational forms which are, of 
course, necessarily zero forms because of Meyer’s theorem. 
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5. RATIONAL FORMS OF TYPE (2,3) 
5.1. In this section we prove that Theorem 1 is true with strict inequality 
in (1.1) for those Q which represent a nonzero value ,U with ],u] < 
~WW) . “’ In the proof we shall use the following results: 
LEMMA 7. Let 4(x,, x2, x,, x4) be a zero quaternary quadratic form of 
type (2,2) and determinant D. Let p,, /?, be real numbers. Then the ine- 
quality 
Pl < ~(Xl3X,~X,~X4) <P* 
is soluble, provided that 
& -0, > 2Dli4. 
This is a special case of the theorem of Jackson [lo]. 
LEMMA 8. Let $(x1, x2, xj, x4) be a quaternary quadratic form of type 
(1,3) and determinant D. Let /?, > 0, & > 0 be real numbers. Then the ine- 
quality 
-4 < ~(xl>x*7x3~x4) <P* 
is soluble, provided that 
/3’ +& > 2 IDI”4. 
If 4 is a zero form, then this lemma follows from Jackson ] lo]. For 
nonzero forms it is due to the authors [I]. Now we prove 
LEMMA 9. Let Q(x, ,..., x5) be a quadratic form of type (2, 3) and deter- 
minant DfO. Let d=(161Dl)1’5. Suppose that Q represents a number p, 
where 0 < l,u I < d/3. Then the inequality 
0 < Q(x, ,..., x5) < d (5.1) 
is soluble. 
Proof: We can suppose that the representation of p by Q(x, ,..., x5) is 
primitive. Replacing Q by an equivalent form, we can suppose that 
Q =p(xl + h,x, + ..a + h,x,)’ + #(x2, ~3, x474. 
By homogeneity we can suppose that ]y ] = 1, so that d > 3. Let m be the 
integer such that m < d < m + 1. Then m > 3. 
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Case i. p = 1 
Here (5.1) becomes 
O<(x,+h,x,+... +h,x,)2+~(x,,x3,x,,x,)<d, (5.1’) 
where 4(x,, x3, x4, x5) is a quaternary quadratic form of type (1, 3) and 
determinant D. 
By Lemma 3, it is enough to prove that 
-m2/4 c #(x2 3 x3,x4,x5) cd-4 (5.2) 
is soluble for all d > 3. 
Let pi = m2/4 and /?? = d - $. Then /?, > 0 and p, > 0. By Lemma 8. (5.2) 
will be soluble if 
that is, if 
g(d) = ((m’ - 1)/4 + d) d-5’4 > 1. (5.3) 
Since g(d) is a decreasing function of d, d < m + 1, and m > 3, we have 
g(d)>g(m+ l)=$(m+3)(m+ 1))“4>j.4-“‘> 1. 
Hence (5.3) holds, and it follows that (5.2) and, therefore, (5.1’) is soluble. 
Case ii. p=-1 
Here (5.1) becomes 
0 < -(x1 + h,x, + ... +hs~s)~+~(x,,x,,x,,~,)<d, (5.1”) 
where #(x2, x1, x4. x5) is a quaternary quadratic form of type (2,2) and 
determinant D. By Lemma 6, it is enough to prove that 
is soluble. 
(5.4) 
Let P, = a, P2=d +m2/4. Then p, > 0, p2 > 0, and /3,/p, = 
l/(m2 + 4d) < f. Also, as in Case i, p2 -pi = (m2 - 1)/4 + d > 2 /D11/4, for 
d > 3. Therefore, it follows from Theorem 3 and Lemma 7 that (5.4) and so 
(5.1”) is soluble. This completes the proof of Lemma 9. 
5.2. In the sequel we shall also use Lemma 6 of Macbeath 1121 which is 
stated below. 
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LEMMA 10. Let a and A be positive numbers. Let /I be any real number. 
Let 2h, k be integers such that 
I I ha-c +;<A. a2 (5.5) 
Suppose that either 
a’# k2/h or p f ah/k (mod a/k, 2/a’) (5.6) 
(i.e., /I - ah/k is not an integral combination of a/k and 2/a2). Then, for any 
real number v, there exist integers x, y satisfying 
O<v+ax+py-y2/a2 <A. (5.7) 
Remark 5. Lemma 6 of Macbeath is stated with < in (5.5) and (5.7). 
But it is easy to see that strict inequality in (5.5) implies strict inequality in 
(5.7). 
Remark 6. The hypotheses of Lemma 10 imply that 
O<v+ax+py+y2/a2<A 
also is soluble in integers x, y. This can be seen easily by rewriting this 
inequality as 
0 < (A - v) + a(-x) + p(-y) - (-y)‘/a’ < A. 
5.3. Let Q(x, ,..., x5) be a rational quadratic form of type (2, 3). Then by 
Meyer’s theorem it is a zero form. Following the proof of Lemma 12 of 
Birch [4] one can easily prove that either . 
(i) Q - H(x, + a2x2 + a4x4 +a,x,)x, + mH(x, + b,x, + b,x,)x, 
- cx:, where H > 0. c > 0 and m is a positive integer: or 
(ii) Q - H(x, + a2x2 + ... + a5x5) x2 + #(x3. x,, x5), where 
4(x,, x,, xX) is a nonzero ternary form of type (1,2). 
Clearly, we can choose a’s and b’s modulo 1. In particular, we can 
suppose that lai( < 4 and lb,1 < +. 
5.3.1. Case i 
Q - H(x, + a2x2 + a4x4 +a,x,) x2 + mH(x, + b,x, + b,x,)x, - cx:. 
We want to prove that, but for the exceptional cases stated in Theorem 1, the 
inequality (1.1) is satisfied, that is, there exist (x, , x2, x3, x4, x,) = (c, , c?, c3, 
c,, c,) (mod 1) satisfying 
0 < Q(x, ,..., x5) < (16 lDO1” = d. 
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Without loss of generality, we can suppose c = 1 and 
Q = H(x, + u2x2 + u4x4 + a5 x5) x2 + mH(x, + b,x, t b,x,) x, - xi. 
Then 
JDJ = m’H4/16 and d5 = m’H4 > H’. (5.8) 
If d > 3, it follows from Lemma 9 that (1.1) is satisfied with strict 
inequality (because Q represents -1). So we can suppose now that d < 3. 
If c2 f 0 (mod l), then we choose x, = c, (mod 1) such that 0 < /.x,1 ,< i 
and (x3, x4, x5) = (c,, c,, c5). Then we choose x, - c, (mod 1) satisfying 
0 < Q(x, ,..., xs)<Hlxx,IGHl2. 
By (5.8), H/2 < {d514 < d, since d < 3. Therefore, in this case (1.1) is 
satisfied with strict inequality. 
Now suppose that c2 z 0 (mod 1). Then we choose x2 = 1, (x1, x,, x5) = 
(c,, c4, c5), and xi = c, (mod 1) such that 
0 < Q(x, ,..., x5) ,< H. 
If H < d, (1.1) is satisfied with strict inequality. So we can suppose that 
H > d. 
If m > 2, then d5 = m2H4 > 4d4, which is not possible (because d < 3). 
Hence, m = 1. 
If c, f 0 (mod 1) we can argue as before and prove that (1.1) is satisfied 
with strict inequality. 
Thus, we are left with the following case: 
m= 1, c,=c,=O (mod I), H > d. (5.9) 
Here (5.8) gives dS = H4 or H = d514. Therefore, d > 1. Also, d < 3. 
Therefore, 
1<H<35’4. (5.10) 
Also, (1.1) becomes 
0 < H(x, + u2x2 + a4x4 + aSxS) x2 + H(x3 + b,x, + b,x,) x4 - x: < d. 
Writing H = a3, this becomes 
0 < a(~, + u2x2 + u4x4 + u5x5) x2 + a(x, + b,x, + b,x,) x, -x:/a’ 
< d/a2 = a2/‘, (5. 11) 
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where 
1 < a3 < 35’4. 
Now we prove 
LEMMA 11. Let a, /3, v be real numbers. Let 1 < a3 < 35/4 and either 
a3 # 2 or p ~6 a/2 (mod a). Then there exist integers x, y satisfying 
O<v+~x+~y~-y~/a~<a~/~. (5.12) 
ProoJ: We apply Lemma 10 with h = i, k = 1, and A = a2’5. The 
condition (5.5) becomes 
If a3 < 2, then 
because a > 1. 
If a3 > 2, then 
1; a-f / ++a=a--$. 
Thus, (5.13) will be satisfied if a - (l/a’) < a”‘, that is, 1 < a-.1 + ap3”. 
This is satisfied because a3 < 35’4. 
Thus the condition (5.13) and, hence, (5.5) is satisfied for 1 < a3 < 35’4. 
Now we notice that the condition (5.6) is also satisfied, because when 
a3 = 2, then a/k = a = 2/a2 and the condition /I & ah/k (mod a/k, 2/a’) 
become p f a/2 (mod a). Now (5.12) follows from Lemma 10. 
LEMMA 12. Let 1 ( a3 < 35/4. Let c, ,..., c, be real numbers such that 
c2 = c, = 0 (mod 1). Then there exist (x1 ,..., x5) = (c ,,..., c5) (mod 1) 
satisiving 
0 < a(xl + a2x2 + a,x, + a,x,) x2 
+ a(x3 + b,x, + b,x,) x4 -x:/a’ < a2’5, (5.14) 
provided that, if a” = 2, then the congruences a5 = b, = 0 (mod 1) and c, = ; 
(mod 1) are not simultaneously satisfied. 
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Proof. First take x2 = 1 and xq = 0. Choose x3 arbitrarily. Write 
x1 =x + c, and x, =y + cg. Then the inequality (5.14) certainly will be 
soluble if there exist integers x and y satisfying 
or 
0 < a(x + c, + a2 + a,(y + c,)) -$ (y + c&Z < u2’5 
where 
0 < ax + (a,ff - 2c,/a2) y - y2/a2 + v ( a2j5. (5.15) 
v = cl(C’ + u2 + a,c,) - c:/c?. 
By Lemma 11, such x, .r exist, except (perhaps) when a3 = 2 and 
a,a - 2c,/a2 = a/2 (mod u), that is, a, - C~ = f (mod 1). So let us suppose 
that cz3 = 2 and 
a,-~,-4 (mod 1). (5.16) 
Now take x2 = 0 and xq = 1. Again by Lemma 11. (5.14) will be soluble, 
unless 
b, - c5 = 4 (mod 1). (5.17) 
If (5.16) and (5.17) both hold, then take x2 =x4= 1 and x3 -c3 (mod 1) 
arbitrarily. Then (5.14) will be soluble if for any real number v there are 
integers x and y satisfying 
0 < ux + (q + ub, - 2c,/cf2)y -y2/u2 + v < a2’s. 
By Lemma 11, this is so unless 
au, + ab, - 2c,/a2 5 a/2 (mod a), 
that is, 
a5 + b, - c5 = 4 (mod 1). 
Together with (5.16) and (5.17) this congruence gives cg = 4 (mod 1) and 
a5 = b, = 0 (mod 1). This completes proof of Lemma 12. 
Now it remains to discuss the following cases: 
(I) a”=2, as-b,-0 ( mod l), and c5 = i (mod 1). Without loss of 
generality, we can suppose that aS = b, = 0 and c5 = 4. In this case, (5.11) 
reduces to the inequality 
0 < (x, + a2x2 + a4x4) x2 + (x3 + b,x,) x4 - 4x: < 2-l”. (5.18) 
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(II) a = 1. Then (5.11) becomes 
0 < (X] + u*x* + u,x, + a5x5) x* + (x, + b4X4 + b,x,) x, -x: < 1. (5.19) 
(This inequality is clearly soluble. We shall determine the cases when 
equality is necessary.) 
We first prove 
LEMMA 13. Let a, /?, v be real numbers. Let (2 - 2-“5)- ’ < a3 < 
(1 - 2-“‘)-‘. Then the inequality 
O<ax+/3y+y*/a*+~<2~~/~a (5.20) 
is soluble in integers x and y, except perhaps when 
(i) a3 = 2 and /I = a/2 (mod a), or 
(ii) a= 1 and/I-O (mod 1). 
ProoJ: We shall use Lemma 10. We divide the discussion into two parts. 
Case a. 2’15 < a3 < (1 - 2-‘/y 
Here we take h = 4. k = 1, and A = 2-“‘a. Then the inequality (5.5) 
becomes 
a 1 1 *I 2 a + 5 < 2-‘15a. (5.21) 
If a3 > 2, then (5.21) becomes a -a-* < 2-1’5a, that is, 
a3 < (1 - 2-1’5))1. 
If a3 < 2, then (5.21) becomes a-* < 2-‘15a, that is, a3 > 21’5. 
Thus, (5.21) is satisfied and by Lemma 10. (5.20) is soluble in integers x 
and JJ unless 
a3=2 and /3 = a/2 (mod a). 
Case b. (2 - 22”5))1 < a3 < 2’15 
Now we take h = k = 1 and A = 2- “‘a in Lemma 10. Then (5.5) becomes 
I I a--!- ++< ~-‘/5~. a* (5.22) 
If a3>1, then (5.22) becomes $a-(l/a2)<2-“5a, that is, ($-2p”5)a3 
< 1. This is satisfied because a3 < 2l” < (3 -2-i”))‘. 
If a3 < 1, then (5.22) becomes a-* - a/2 < 2p1’5a, that is, 1 < 
(4 + 2-1’5) a3, which is satisfied because a3 > (2 - 2-1’5)-1. 
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Thus (5.22) is satisfied and by Lemma 10, there exist integers x and J- 
satisfying (5.20), except when a = 1 and p = 1 (mod l), that is, ,fI- 0 
(mod 1). This completes the proof of Lemma 13. 
LEMMA 14. The inequality (5.18) is soluble for (x, , x,, x, , x,, x5) = 
(c,,0,c3,0,~) (mod 1). exceptperhaps when a,=O, ~,=a,=0 or 4, and 
c3 = 6, = 0 or i, 
Proof. By an obvious equivalence transformation we can suppose that 
1 -I-‘/5 <a,, b,<2-2- , ‘I5 Take X~ = cj and xg = i. Write x, =x + c, 
and x, =.r. Then (5.18) becomes 
0 < (x + cl + a2x2 + a,y)x, t (cj t b,y)y - $ < 2-‘15, 
or 
where Y is some real number. 
Let a3 = b;’ and x2 = fl. Then (5.23) becomes 
(5.23) 
0 < y2/a2 t y(c, f ad) a f ax + w < a 2-l”. (5.24) 
By Lemma 13 at least one of the inequalities (5.24) is soluble in integers x, 
y, unless either 
b, = f and c3 + a4 = c3 - a4 = f (mod l), 
or 
b,= 1 and c3 ta,=c,-aa,= (mod l), 
that is, either 
b, = f and (c3, ad = (0, +) or 
or 
b,= 1 and (c,, al> = (CO) or (4, 4,. 
In the last case we can suppose that 6, = 0. 
Therefore, if a,, = 4, then we need consider (b4, c3) = (4, 0) or (0,;). Then 
(5.18) becomes 
and 
0 < (x, + a2x2 + a4x4) x2 + (x3 t ix,) xq - ix: < 2-‘j5, 
0 < (x, t a2x2 + aqxJx2 t x3x4 -+x: < 2-‘15, 
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respectively, where x3 = 0 (mod 1) in the first case and x3 = ; (mod 1) in the 
second. These are easily seen to have solutions (c, , 0,O. 1,;) and (c, , 0, {, 
1.4). 
Hence, (5.18) is soluble unless a4 = 0 and cj = b, = f or 0. In that case 
(5.18) becomes 
0 < (x, + a2x2) x2 + (x, + b,x,) x, - ix: < 2-‘15. 
Now we argue as above, interchanging xi, x2 with x3, x4. We see that (5.18) 
is soluble except perhaps when c, = a2 = 4 or 0. This completes the proof of 
Lemma 14. 
Remark I. In the exceptional cases listed in Lemma 14, the inequality 
(1.1) is not satisfied. More precisely, if either 
Q =x,x2 + x3x4 - fx: and (C,rC*,C3,C~,C~)=(0,0,0,0,~), 
or 
Q = (x, + +x2) x2 + x3x4 - ix; 
and 
or 
Q =x,x2 + (x3 + fx,) xc, - $x: 
and 
or 
Q = (xl + +x,> x2 + (x3 + fx,) x4 - 4.x: 
(Cl, c,, c3, cq, c,) = (i, 0, +,o, f), 
then 0 < Q(x, ,..., x5) < (16 ID I)“’ is not soluble for (x1 ,..., x5) = (c, ,..., c5) 
(mod 1). 
In fact, one easily verifies that, in these cases, 0 < Q(x, ,..., x5) < z ID\“’ is 
soluble, but not with strict inequality. 
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We notice that all the forms listed above are equivalent. This is so, 
because 
= 2(y - X)(Z + y) - (x - y - z)’ - 2~yz - x2. (5.25) 
One can easily check that the corresponding points are also equivalent. 
LEMMA 15. The inequality (5.19) is soluble for (x, , x2, xj, x4, x5) = 
(c,, 0, c3, 0, cs) (mod 1). Moreover strict inequality holds in (5.19), except 
perhaps when c, = a2 = 0 or f, c3 = b, = 0 or i, and a4 = a, = b, = cg = 0. 
Proof: Since c2 = 0, we take x2 = 1 and (,x3, x4, x5) E (c), 0. c~) (mod 1) 
arbitrarily. Then we can choose x, to satisfy (5.19). 
Now suppose that equality is necessary in (5.19). Taking x2 = 1, x4 = 0, 
XI =x + c, 9 and xg = JJ + cg, we see that 
0 < x + (a, - 2c,)y -y2 + (c, + a2 + a,c, -c:) < 1 (5.26) 
is not soluble in integers x and ~1. Taking y = 0 or 1, we see that 
c, +a,+a,c,-ccf-0 (mod l), (5.27) 
(a, - 2c,) + (c, + a2 + u5c5 - c:) = 0 (mod 1). (5.28) 
The congruences (5.27) and (5.28) imply 
a, - 2c, = 0 (mod 1). (5.29) 
Taking x2 = 0 and x4 = 1 or x2 =x4 = 1 and proceeding as above, we see 
that 
b,-2c,-0 (mod 1) (5.30) 
and 
a, + b, - 2c, = 0 (mod 1). (5.3 1) 
The congruences (5.29), (5.30), and (5.31) imply that 2c, = 0 (mod 1) and 
a5 = b, = 0 (mod 1). Therefore, we can suppose that a, = b, = 0 and c, = 0 
or i. Also (5.27) holds. 
First suppose that c5 = i. Then (5.27) gives ci + a2 = i (mod 1). Taking 
x2 = -1, x4 = 0 and repeating the above argument we must have a2 - c, = $ 
(mod 1). Therefore, 2c, = 0 (mod 1). So either c, = 0 or f. If c, = 0 then 
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a2 z d (mod 1). If c, = 4, then a2 E - { (mod 1). In these cases we can 
suppose that a2 = f a and so 
Q(x, ,..., x5) = (x, f ax, + a4x4) x2 + (x3 + b&$x,) x‘j - x:. 
Q<x i ,..., x5) represents ,D, with 1,~ 1 = d < d/3, because d = 1. Therefore, by 
Lemma 9, (5.19) is satisfied with strict inequality. Thus, we must have 
cg = 0. The inequality (5.19) now becomes 
0 < (x, + azxz + u4x4) x2 + (x3 + b,x,) x4 - xi < 1. (5.32) 
As before, we can suppose that 1 - 2- “’ < aI, b, < 2 - 2- ‘15. Take 
x2= 1, xj=cj, and xg = 0. Write x, = x + c, and x, = y. Proceeding as in 
the proof of Lemma 14, we see that (5.32) is soluble with strict inequality 
unless 
b, = i and (c3, a,) = (0, 4) or (f,O) 
or 
b, = 0 and (cj, a,) = (0.0) or (4, 4). 
If a4 = $, then either b, = j and cj = 0 or b, = 0 and c3 = i. In this case 
(5.32) becomes either 
or 
where xj = 0 (mod 1) in the first case and x3 = i (mod 1) in the second. We 
notice that these inequalities are soluble with strict inequality by taking 
(x,, .x2,x3, x4.x5) = (ci, 0, 1, 1, 1) and (c,, 0, i, 3, l), respectively. Hence, 
we must have a4 = 0 and c3 = b, = i or 0. Now (5.32) becomes 
0 < (x, + a2x2) x2 + (x3 + b4x4) x4 -x: < 1. 
Now we argue as above, interchanging the roles of x,, x3 and x2, x4. We see 
that this is souble with strict inequality unless c, = a, = 4 or 0. This 
completes the proof of Lemma 15. 
Remark 8. It follows from Lemma 15 that (5.19) is true with strict 
inequality unless perhaps Q - pFr, pF,, pF3, or pF,, and (c, ,..., c,) is 
equivalent to the points L, , L 2, L, , L,, respectively, where, 
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F, =x,x2+x3x4-x:, L,-(O,O,O,O,O) (mod l), 
F,=(x,+fx,)x,+x,x,-x:, L2-(i,O,O,O,O) (mod l), 
F, = (x1 + fx,, x2 
+ (x3 + fx,) x4 - x:, L3-(f,O,f,O,O) (mod l), 
F,=x,x,+(x,+~x,)x,-x:, L,=(O,O,i,O,O) (mod 1). 
One can easily see that equality in (5.19) is, in fact, needed in each case. 
Now 
2F, = 2[(x, + 4x2) x2 + x3x., -xi] 
= (XI + x*)2 -x; + 2x,x, - 2x: 
-x;- x; + 2x,x, - 2x: 
-x:+x:-x:-x:-2x: (because 2x,x, -x: -x: -xi -xi), 
-2x:+x;-xi-xi-x:=Q,. 
Also, the point L, goes to (f , +, i, i, $) under the corresponding transfor- 
mation. Similarly 
and 
2[(x, + fx,> x2 + (~3 + fx,> x4 - x:1 N Q3 
So up to equivalence and positive multiplies, we have two forms Q, and 
Q3 for which equality is necessary in (1.1). The corresponding points are as 
stated earlier. 
5.3.2. Case ii 
Q - ff(x, + azx2 + a3x3 + a,x, + a5x5> x2 + @,,x,,x,). where 
#(x3, x4, xx) is a nonzero form of type (1,2) and determinant A (say). We 
first recall a well-known result of Venkov ] 151. Let 
$74(x,Y,z)=-x2-xy-y2+2z2, 
~*(x,Y,z)=x2+xy-yz-2z2. 
$3(x, y, z) = -x2 - y2 + 3z2, 
#4(x, Y,  z) = -2x2 - 2xy + 2y* - 5z2, 
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45(x, Y, z) = -x2 - $xy - y2 + +z2 + $xz + J+yz, 
!4my,z)=-x2-y2+3z2-xz-yz, 
$4(x, y, z) = -x2 -y2 - xv + 5z2. 
LEMMA 16 (Venkov). Let 4 be a nonzero indefinite ternary quadratic 
form of determinant A # 0. 
(9 If4 +phr then 4 represents a number ,a with 0 < Ip 1 < (! [A 1)“3. 
(ii) If4 + pQi, i = l,..., 7, then 4 represents a number ,a with 0 < l,U < 
<& IA lV3. 
Without loss of generality, we can suppose that in the case under con- 
sideration 
Q = (x1 + a2x2 + a3x3 + a4x4 + a5x5)x2 + #(x3, x4, x5). 
Here 
d’=16lDJ=4lAl. (5.33) 
We shall prove that (1.1) is soluble with strict inequality, that is, 
(5.34) 
is soluble. 
LEMMA 17. If c2 & 0 (mod 1) and 4 + P$~, then (5.34) is soluble. 
Proof. 1fd>~,wechoose(x,,x,,x,)=(c,,c,,c,)andx,-c~(mod1) 
such that 0 < Ix21 < i. Then we choose x, = c, (mod 1) such that 
Thus, (5.34) is satisfied in this case. 
If d< 4 then (5.33) gives (Al = ad” < d3/16. Then by Lemma 16 it 
follows that $ and hence Q represents a number iu with 0 < IP~< 
(2 /A l/5)“” < (d3/40)“3 < d/3, and the result follows from Lemma 9. 
LEMMA 18. If c, s 0 (mod 1) and # 7~p4~, i = l,..., 7, p > 0, then (5.34) 
is soluble. 
Proof. If d > 1, we choose x2 = 1 and (x3, x4, x5) = (c,, c,, c5). Then 
choose xi E ci (mod 1) such that 
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So let d < 1. By Lemma 16, d represents a number ,u with 
0 < I/J( < (64/243 /A l)1’3. (5.35) 
,U is also represented by Q. If 1~1 < d/3, (5.34) is soluble by Lemma 9. So let 
us suppose that lpuJ> d/3. Then (5.35) and (5.33) imply that 
d3/27 ,< l,uj3 < 64 1411243 = 16d5/243. 
Therefore, d > i. 
We can suppose that ,U is represented primitively by 4. On replacing Q by 
an equivalent form we can write 
Q=(x,+~~.)x~+~~(x~+bqxq+bg~g)~t~(~~,~~)r 
for some real numbers b, and b, and a binary form I,+~, x5). 
We take (x4, x5) = (c,, cs) and x2 = 1. Then the inequality (5.34) becomes 
0 < x, t px: t /I’x3 t v’ < d, (5.36) 
for some real numbers /3’ and v’. Write x, = x t c, and x3 = J t c3. Then the 
solubility of (5.36) (and, hence, of (5.34)) will follow, if one can prove that, 
for all real p and V, there exist integers x and y satisfying 
O<xt/3ytpy2+v<d. (5.37) 
Let a3 = I/lj.I. S ince d,< 1, by (5.35) and (5.33) we have 1~1” < 64 IA//243 = 
16ds/243 < fi < f . Therefore, 1~ I < f and a3 > 2. 
Multiplying (5.37) by a, it is equivalent to 
O<axta~yfy2/a2tva<da. (5.38) 
To prove the solubility of (5.38) we apply Lemma 10 with h = i, k = 1. 
and A = da. The condition (5.5) becomes 
a 1 I I --7 2 a ++=a--$<da 
or 
1 <$td=lpltd. 
This is satisfied because 1,~ 12 d/3 and d > a. Therefore, the result follows 
from Lemma 10 and Remark 6. 
Thus, we have completed the proof of (5.34) except when either (i) 
~-~~1,~>0,0r(ii)$-pdi,i=2,...,7andc2-O(mod1). 
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To discuss these cases we find it convenient to use a different 
normalisation for Q. Without loss of generality, we can suppose that 
1 
Q=-(x, + . ..)xz +#i(x.l,x4,xs) 
P 
where H > 0. 
LEMMA 19. If i = 1, then (5.34) is soluble. 
Proof. Here A = det 9, = i and d’ = 4AH’. and (5.34) becomes 
0 < Q(x , . . . . . x5) = H(x, + . . .) x2 - x; -x3x4 -xi + 2xf < d = (6H’)“‘. 
(5.39) 
The form Q(x, ,..., x5) represents -1. Therefore, (5.39) follows from Lemma 
9ifd>3.Soletd<3.ThenH2=d5/6<ForH<fi. 
Case i. c,fO (mod 1) 
Choose x2 = c, (mod 1) such that 0 < lx21 < i. If H 1x2( < d, then clearly 
(5.39) is soluble. So let us suppose that H lx11 > d. Let a3 = H /x21. Then 
(6H2)“5=d<a3=H(x,(<H/2. So that H3>2j.6>5’ and a3>d= 
(6H2)“5 > (150)“5 > 2. 
Now we choose (x,, x5) = (c,, c5). Dividing by u*, (5.39) becomes 
0 < fax, +/l/x, - $x: + v’ < d/a’, (5.40) 
where p’ and v’ are some real numbers. We write x, =x + c, and 
x3 = JJ + c3. Then this inequality will be soluble, if for all real p and v there 
exist integers x and y satisfying 
O<+ax+/$-y2/a2+v<d/u2. (5.41) 
Now we use Lemma 10 with h = f, k = 1, and A = d/a2. Since (x3 > 2, the 
condition (5.5) becomes CI - l/u2 < d/a2 or a3 < 1 + d. Since cz3 = H (x21 < 
H/2 and d = (6H2jgi5, this inequality is satisfied if {H - 1 < (6H’)“‘. This 
is easily seen to hold, because ( 192)1’3 < H < fi. Thus the condition (5.5) 
of Lemma 10 is satisfied and the solubility of (5.41) in integers .Y and y 
follows. 
Case ii. c2 = 0 (mod 1) 
If H3 < 6, then H < (6H ) 2 ‘I5 = d and (5.39) can be easily solved. If 
H3 > 6, then d = (6H ) * “j >, 61i3. Taking x2 = 0, it is enough to prove that 
0<-xi-x,x,-xx,z+2x;<6”’ (5.42) 
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is soluble. Write (5.42) as 
0 < -(x3 + ix4)’ - ix,’ + 2x; < 61’3. (5.43) 
Choose (x4,xg)=(c4,cg) (mod 1) such that 1x,1<+ and i<Ix,I< 1. Then 
~<-;x:+2~:<2<6~‘-‘+$. 
Therefore, by Lemma 6, there exists x3 E c3 (mod 1) satisfying (5.43). Hence 
(5.42), and so (5.39) is soluble in this case also. 
LEMMA 20. If i = 2 ,..., 7, and cz s 0 (mod 1) then (5.34) is soluble. 
Proof. Here Q = H(x, + ...) x2 + #i(x3, x4, x5). Let di = det tii. Then 
ID I = H2/4 ldi I. We have to prove that 
is soluble. 
0 < Q(x, ,..., x5) < (4H2 lAi/)“5 = d (5.44) 
If H < d, then taking x2 = 1, we can easily solve (5.44). If H > d, then 
H3 > 4 (Ai/ and 4H2 IAil > (4 ldil)5’3, that is, d = (4H2 IAil)“’ > (4 lAil)1’3. 
We choose x2 = 0. Then (5.44) will follow if we can prove that 
O < $i(X3yX43x5) < /4Ai11’3 (5.45) 
is soluble for i = 2,..., 7. 
Subcase i. i = 2. 
Here A, = 5 and (5.45) becomes 
0 < (x3 + fx,,’ - 2x: - 2x: < 10”3. 
Since 10”” > 2, the solubility of this inequality follows from Lemma 3, 
because choosing Ix, / < i and Ix5 I< i, we have ix: + 2~: < 1. 
Subcase ii. i = 3. 
Here A, = 3 and (5.45) becomes 
0 < -x: - ,I!; + 3x: < 12”‘. (5.46) 
We choose (x4. x5) = (cd, c,) (mod 1) satisfying 1x4/ ,< 4 and i < JxJ / < 1. 
Then f < -xi + 3x: < 12”’ + I. By Lemma 6, it follows that there exists 
x2 = c3 (mod 1) satisfying (5.46). 
Subcase iii. i = 4. 
Here A, = 25 and (5.45) becomes 
0 < -2x; - 2x,x, + 2x: - 5x: < (1oo)“3 
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or 
0 < -(x3 + +x4)2 + ix: - jx: < (+q’“. 
By Lemma 6, this inequality is soluble if 
+ < ;x; - ix: < 1 + p$)“” 
can be solved. This can be easily done by choosing Ix5 i < 4 and 1 < Ixj 1 < i. 
Subcase iv. i = 5. 
Here A, = q and (5.45) becomes 
0 < -x; - $X,X“ -xi + +: + +x,x, + qx4xr < $(75)‘:‘* 
or 
0 < -(x3 t $x4 - $x$ t +-(-xi t 3x: + 3x,x,) < ;(75)“‘. 
By Lemma 6, this inequality is soluble if 
$ < s-(-x: t 3.x: f 3x,x,) < 1 + 4(75)“3 (5.47) 
can be solved. Inequality (5.47) can be written as 
fgy < 3(x, + ;x,>* - ix: < +$(l + 4(75)““). 
This can be easily solved by choosing /xj / < f and i < Ix5 t 4x, 1 < 1. 
Subcase v. i = 6. 
Here Ah=:. $&(X3) x,, x5) = -x: - x,’ +3x: - x3x5 - X4X(. By the 
unimodular transformation x3 + x3, xj + x4, and x5 + x3 f x, , 
46 - -4 -xi + 3(x3 + xg)2 - (x3 t x&q t xg) 
= -(x4 + fx, t +x5)’ + jx: + +x,x, t 9x:. 
Therefore, to solve (5.45), it is enough to solve 
0 < -(.u, + ix, + f 5 x )Z + ix: + +x3x5 f yx: < 14”3. 
By Lemma 6, this inequality is solvable if we can solve 
4 < 2x; + +x,x, + +xg < 1 + 14”3, 
that is, 
;<~(x3f~X,)2-~x;<l+14”3. 
This inequality can be solved by choosing Ix5 / < 4 and 1 ,< Ix3 + ‘$x5 I ,< is 
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Subcase vi. i = 7. 
Here A, = * and 4, = -xi -xi -x3x4 + .5x:. By the unimodular 
transformation xj + 2x, + x5, x, --f x4, and xz --t xj + x, , 
47 “-(2x,+x,)2-x:-(x,+x,)x,+5(x,+x,)L 
= (x3 - x4 + 3x,)? - 2x; - 5x: + 5x,x,. 
Therefore, to solve (5.45), it is enough to solve 
0 < (x, - xq + 3x,)2 - 2.x: - 5x: + 5x,x, < 15 l’j. 
By Lemma 3, this inequality is soluble if we can solve 
0,<2xf+5x;-5x,x,< 1. 
that is, 
0 < 2(x, - ix,)’ + +x: < 1. 
This inequality can be solved by choosing 1x5 / ,< i and ]xq - ix, / < 4. 
Thus, we have proved that in each case (5.45) and, hence, (5.34) is 
soluble. 
Lemmas 9-20 and remarks complete the proof of Theorem 1 for rational 
forms. Together with Section 4, the proof of Theorem 1 is completed. 
6. FORMS OF TYPE (r, r + I), r > 3 
First we deal with nonzero forms. By Meyer’s theorem such forms are 
incommensurable. Let Q(x, ,..., x,) be a nonzero form of signature - 1, 
n = 2r + 1 > 7. Let 
MJQ) = Inf(] Q(X)] : X E Z”, X # O}. 
Since n > 7, if m,(Q) = 0, then Theorem 2 follows from Theorem 1 of 
Watson [ 161. Thus, we need consider forms with m,(Q) > 0 only. For 
dealing with these forms we refer to our treatment of forms of signature I in 
QFI. In particular, Remark 7 of that paper shows that the result would 
follow for these forms if the inequality (1.3) holds for nonzero forms of 
signature -1 in 5 variables. Since the exceptional forms of Theorem 1 are 
zero forms, the last result is true. Therefore, Theorem 2 is valid for nonzero 
forms. 
Now we consider zero forms. Since incommensurable zero forms in n > 5 
variables take arbitrarily small values (see Oppenheim [ 14]), Theorem 2 for 
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such forms follows from Watson [ 161. Thus we need only consider zero 
rational forms. With a slight modification the proof of Case i of Lemma 15 
of QFI gives 
LEMMA 21. Let Q(x ,,..., x,,), n > 7, be a rational quadratic form of 
signature -1 and determinant D # 0. Let d = (2*-l IDI)““. Suppose that Q 
represents a number a with 0 < 1 a 1 < df 2. Then the inequality 
0 < Q(x, ,..., x,) < d (6.1) 
is soluble. 
Now we proceed as in Section 5.2 of QFI. By replacing Q by an 
equivalent form, reduced in the sense of Birch [4]. we can suppose that 
Q(x , )..., x,) = (x, + ...)x2 + mz(x3 + . ..)x. + ... + mk(xzk.., + ,..)xIk 
+Q3(~2k+,r,~2k+2~~2k+3) 
= (x, + ..-I x2 + Q,-,(+Y,,..., x,,), (6.2) 
where m, are positive integers. 
Let A = det Qj. d = (2n-’ ID/)““. Let c, ,.... c, be any real numbers. We 
have to show that there exist (x, ,..., x~) = (c, ,..., c,) (mod 1) such that 
0 < Q(x , ,..., x,) < d. (6.3) 
First suppose c2 f 0 (mod 1). If d > 4, then choose (xi ,..., x,) = (cj ,..., c,) 
and .Y~ = cZ (mod 1) such that 0 < 1x2/ < j. Then choose x1 = c, (mod 1) 
satisfying 
0 < Q(x, ,..., x,J = (x, + ...)x~+Q~~~~Ix~I~~<~. 
Now suppose that d < 5. By a result of Davenport [5 ], QJ(x,? :. x,- i, X, 
and, hence, Q represents a number -a such that 
0 < a < (4 /A ()“j. 
Now 
Therefore, 
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since n > 7 and d < t. Hence Q represents -a such that 0 < a < d/2 and 
(6.3) is soluble with strict inequality by Lemma 21. 
Now suppose that c, = 0 (mod 1). If d > 1, then we take x2 = 1, 
(x 3 ,..., x,) = (c, ‘..., cJ, and choose xi such that 
O<(x,+*..)x,+Q,-,<l <d. 
So let us suppose that d ,< 1. 
Case i. n = 7 
Here d = (26 ID/) I”. Let D’ = det Q, = 4 1 D j. If 
0 < Q&3,..., x,)< (16 /D’l)“5 = (64 lD1)1’5 =d7’5 (6.4) 
is soluble, then we take x1 = 0 and x, = cl. Then 
0 < Qs(x3,...r x7) = Q7(xl ,... , x7) < d”’ < d, 
because d < 1 and (6.3) is satisfied. 
Now suppose that (6.4) is not soluble. By Theorem 1 
Q, - P(X,X, + x5x6 - +:>, p > 0. 
Since Q7 is reduced, 
Q7 = (x, + . ..) x2 + m(x,x, + x5x6 - ix:), 
where m > 1 is an integer. 
D = det Q, = m5/2’. Therefore, d = (m5/2)“‘. Since d < 1, m = 1. Hence, 
D = l/2’, d = (;)I”, and D’ = 4 IDI = 1/25. 
By Theorem 1, the inequality 
is soluble. Taking x2 = 0, we have Q,(x, ,..., x7) = Qs(x, ,..., x7) and 
0 < Q7 = QS(x3 ,..., x7) < i < (4)“’ = d. 
Thus, (6.3) holds with strict inequality in this case. This completes the proof 
for n = 7. 
Case ii. n > 9 
Here d= (2np’ ID])“” and D’ = det Q,-, = 40. We proceed by induction 
on n. By the induction hypothesis, the inequality 
0 < Q,-,(x,,..., xn) < (2”-3 4 1DI)1”“-2’= (2nC-L IDI)‘/‘“-2’ =d”/f”-2) 
is soluble. 
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Choose x2 = 0. Then 
0 < Qn(xI ,..., x,J < d”‘(“-*’ < d, 
since d < 1. 
This completes the proof for zero forms and, hence, of Theorem 2 for all 
forms. 
REFERENCES 
1. R. P. BAMBAH, V. C. DUMIR. AND R. J. HANS-GILL, On a conjecture of Jackson on 
nonhomogeneous quadratic forms, J. Number Theory 16 (1983), 4034 19. 
2. R. P. BAMBAH, V. C. DUMIR, AND R. J. HANS-GILL, Positive values of non-homogeneous 
indefinite quadratic forms, in “Proceedings, Colloquium in Classical Number Theory.” 
Budapest, in press. 
3. E. S. BARNES, The non-negative values of quadratic forms, Proc. London Math. Sot. (3) 
5 (1955), 185-195. 
4. B. J. BIRCH, The inhomogeneous minimum of quadratic forms of signature zero. Acta 
Arith. 3 (1958), 85-98. 
5. H. DAVENPORT, On indefinite ternary quadratic forms, Proc. London Murh Sot. (2) 51 
(1949). 145-160. 
6. V. C. DUMIR. Asymmetric inequalities for non-homogeneous ternary quadratic forms. 
Proc. Cambridge Philos. Sot. 63 (1967). 291-303. 
7. V. C. DUMIR, Positive values of inhomogeneous quadratic forms I, J. AusfraI. Math. Sot. 
8 (1968), 87-101. 
8. V. C. DUMIR, Asymmetric inequalities for non-homogeneous ternary quadratic forms, J. 
Number Theory 1 (1969), 326-345. 
9. T. H. JACKSON, Small positive values of indefinite quadratic forms, J. London Mafh. Sot. 
(2) 1 (1969). 643-659. 
10. T. H. JACKSON, Gaps between values of quadratic forms, J. London Math. Sot. (2) 3 
(1971), 47-58. 
11. T. H. JACKSON, One side inequalities for quadratic forms, Proc. Lond. Math. Sot. (2) 3 
(1971). 267-282. 
12. A. M. MACBEATH, A new sequence of minima in the geometry of numbers. Proc. 
Cambridge Philos. Sot. 41 (195 l), 266-273. 
13. A. OPPENHEIM, Values of quadratic forms I. Quart. J. Math. Oxford Ser. (2) 4 (1953), 
54-59. 
14. A. OPPENHEIM. Values of quadratic forms II. Quart. J. Math. Oxford Ser. (2) 4 (1953). 
6&66. 
15. B. A. VENKOV, Sur le problems extremale de Markoff pour les forms quadratiques 
ternaires indefinies, Izv. Akad. Nauk SSR Ser. Mat. 9 (1945), 429-494. 
16. G. L. WATSON, Indefinite quadratic polynomials, Mafhemafika 7 (1960), 14-144. 
